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TABLES FACILITATING CONFIDENCED RELIABILITY CALCULATIONS

FOR THE NORMAL OR LOGNORMAL DISTRIBUTION

ABSTRACT

Small sample size tables
are presented which facili-
tate reliability—mission
life calculations at a given
confidence level., The tables
are calculated using the
exact sampling distribution

of the normal reliability

estimator. A computer pro-

gram is included which will
enable one to calculate more
extensive tables for differ-
ent sample sizes and confi-

dence levels,
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9 INTRODUCTION

The specific purpose of this report is to enable one,
through the use of tables, to calculate mission life of a
component at a given confidence level for a given confidenced
reliability.

It is assumed that a representative sample of failures
is available; the sample size must be two or greater. The

statistical theory underlying this report is available in

ref. (1).




2.

NOTATION

/%)

P&

N

gamma function of x

ey
V)

o

= standard normal distribution function of x

/7 T4

A &

/ 6_:/1‘

standard normal fractile function of o¢

or the inverse of _é— [@):O(

= sample size

= mission 1life

= Confidenced Reliability (lower confidence
bound on population reliability)

= Reliability point estimate

= Maximum Likelihood estimates of normal
parameters

= Maximum Likelihood estimates of Lognormal
parameters (sample mean and standard
deviation of natural logs of data points),

= confidence level




3. DESCRIPTION OF PROBLEM

The problem is:

given n, c and R,, solve the following equation fOﬁga,

r

(/CDF/:‘q)/ 7/" — <4 j‘x;_ o
o

1)

The point estimate of normal reliability is given by:

K=1-2(2=")

" o »
o %*'———-“/:/L:‘ 2 :_;"?k

ﬁ (3)

Therefore, once Eqn. (1) is solved for ;} 4 » the

mission life x may easily be calculated for any/x4*'and

o

If one is restricted to a certain reliability R, and a




certain confidence level C, the mission life calculation is
solved once and for all by solving Eqn. (1) for a suffici-
ently large sequence of values of n.

The point estimate of lognormal reliability is given

* %7«—/"‘;) .
=1 - 8(F= o

o %x’/&;—
a* %——e" = g

£
* x
, A — g D>

o x= & “ (5)

by:

The same 2%?* that was calculated before from Egqn. (1)
can be used to calculate mission life for the lognormal
model also.

The method selected to solve Egn. (1) is called the
midpoint or bisection method. This method is probably the
simplest and most straightforward method of solving nonlin-
ear equations in one unknown., The method consists of:

X. Locating the root r between x, and x, (by obser-

1

ving a change of sign in the function).




2, Evaluating the function at the middle of the in-

terval (x1s %) and then observing on which side of the
midpoint the function changes sign.

3. Redefining either x; or xj accordingly and re-
turning to step 2 if the interval size is not sufficiently
small.

The point at which this process is stopped is deter-
mined by the fact that an easily calculated upper bound on

the relative error in the root is always available.

3

Figure 1

Referring to Fig. (1), suppose the process is to be stopped

with the present values of X, and Xo. The final estimate

of the true root r will be r¥* = (x; + %x5)/2; therefore:
absolute error = ,r—r*\

*
r—r

relative error = 70 =
r'
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If the process is continued until p%* is less than some de-

sired fractional error, p will also be less than this error
and the process may be halted. This is all true assuming

that ?(ﬂ) can be evaluated accurately.

The next problem to be considered is evaluating the

integrand in Eqn (1). Formulas 26.2.12 and 26.2.17 of ref,

(2) are used to evaluate the normal distribution function

¢ .

Part of ‘the integrand —

poo= FF(G4)]

*
has an abrupt behavior at the point _4 = 2%% / 22?#
c

as n becomes large, Fig. (2) indicates this behavior.




n small

+

This behavior at s* behooves one to see that the quadra-
ture formula used to perform the integration evaluates
the integrand at s*, A three point Gaussian quadrature
formula is used in a composite manner to evaluate the in-
tegral in Eqn. (1), The principle of successive consis-
tency is used to examine the accuracy of the solution to
Egqn. (1); i.e., the integral is evaluated with a succes-

sively smaller interval size until the solutions to equa-

tion (1) become <consistent. The only remaining aspect

of the problem is the evaluation of the constant in equa-

tion (1).




k= O=/ D) .
2 (Z)5

if n is even

= //’C>%: f_ (8)
L WAL

if n is odd

= (G

(9)
- 1

Expressions (8) and (9) are easily derived using the re-

cursion formula for the gamma function

) = e D/ V=D

(10)
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4, DESCRIPTION OF COMPUTER PROGRAM
A. Main
Significant variable names:
N = sample size
NR = no. of confidenced reliabilities
NIT = no. of iterations for obtaining consistency
in results
R = RC = confidenced reliability
NINT = no. of intervals between xero and s* for com-
posite integration
C = confidence level
FRE = fractional error tolerated in solving nonlinear
equation
SL = search length for locating first change of sign
in nonlinear equation solver (subroutine
ROOMID)
CONST = constant in Eqn (1)
ZOMR =
1-Re
7 =
:—R*
USTAR = 1 - R%

In general, the main program reads in the necessary

data, computes 5’ R using ROOMID
Loty L

and ZORC,

2} I
then uses ROOMID and RTF to calculate -R -

11




B. FUNCTION RTF(2Z)

Significant Variable names:

SCRIT = }/_Rc. J/ }/_R* - vd_"‘
H = interval size

RTF is the function described by Eqn. (1) (a function
of 2%?* ). The tail of the integral (iAd';>'—<i%i) is
computed first, using QUAD until the contribution to the
integral becomes insignificant. GLAG is then used to
squeeze the last drop, if any, out of the tail. The inte-

*
gral for 4 < 4 is then computed using QUAD.
Ca FUNCTION F (S)

F computes the integrand in Eqn. (1).

D. FUNCTION ZORC (X)

Zore (x) = P (x) + R - 1.

ZORC is used to calculate 2}
7=-Re
2, QUAD (A, B, AR)

QUAD evaluates the integral of F from A to B
using three point Gauss-Legendre quadrature.

F. GLAG (A, AR)

GLAG evaluates the integral of F from A to infi-
nity using five point Gauss-Laguerre quadrature.

G. CON (C, N, CONST)

CON evaluates the constant term in Eqn. (1).

12




H, FUNCTION DN (X)

DN is the normal distribution function EE.,

I. FUNCTION PINT (X)

PINT calculates EEE for large negative arguments.

J. ROOMID (G, X, SL, FRE)

ROOMID solves the equation: G (X) = 0 using
the midpoint method. X is the initial guess at the root;
SL is the search length, ROOMID assumes that SL will
point in the true direction of the root; i.e., if X initi-

ally overestimates the true root, SL must be negative,.

13




APPENDIX
Use of Tables:

The entries in the body of the tables give é%e*
for a given sample size n and confidenced reliability R..
Eqns. (3) and (5) are used to calculate normal and log-
normal mission life respectively. If mission life is the
given quantity and confidenced reliability is desired, one
could use Lagrangian interpolation, but the simplest thing
to do would be to draw a graph of R, versus é%q*for the
desired n. An example is given for n = 2.

A graph of gkﬁ versus n is included for Ro = .999
and C = .,90. This graph indicates that a considerably
rapid increase in informaticn is obtained by increasing n
from two to five, while increasing n beyond 10 produces
information at a very slow rate.

Finally, it must be noted that maximim likelihood
(not unbiased) parameter estimates are to be used with these

tables.

14
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100 DIMENSION RC(50)

110 CONMMIN RCH>CINSTs>Ns>RN»ZIMR»SAN s RNQ2
120 CIOIMMIN NM2,ZZ,RINT

130 COMMAON S2PILNINTC10),IT

140 EXTERNAL ZORCs>RTF

150 CALL QPENFC1,"TBLA4"™)

160 READC1,)5NsNRsNIT

170 READ(')))(R(I))I=13NR)

130 READC]1), (NINTCI)>I=1-NIT)

190 READC1,),Cs FRE»SL

200 PRINT 500,N,C

210 500 FORMATC14HNDY. QF PUOINTS=5137/17HCAONFIDENCE LEVEL=»FS.37/7)
220 CALL CINCC,N,CINST)

230 PRINT 600,CIONST

240 600 FORMAT(AHCINST=5E16.8/)
250 RN=N

260 SON=SQRTC(RN)

270 PI=3.1415927

280 S2PI=SQRT(2.*PI)

290 RN)2=RN/2.

300 NM2=N-2

310 DA 1 IR=1,>NR

320 SLL=SL

330 RC=R(IR)

340 ZIMR=0.

350 CALL RAOIMIDCZORC,ZOMR»=2+,FRE)
350 PRINT 100,RC

370 100 FORMAT(24HCONFIDENCED RELIABILITY=,F7.5/)
380 PRINT 200,Z2OMR

390 200 FORMAT(8HZ(1-RC)=,E16.87)
400 Z=ZOMR

410 DO 1 I1T=1LNIT

420 RINT=NINTCIIT)

430 I1T=11T

440 CALL RIIMIDC(RTFsZ,SLL,FRE)

450 ZSTAR=-Z

460 PRINT 300,ZSTAR

470 300 FORMAT(9HZ(RSTAR)=,E16.87)
4%0 USTAR=DN(Z)

490 PRINT 400,USTAR

500 400 FORMAT(6HUSTAR=5>E16.8/)
510 SLL=.01%*Z

520 Z=7-SLL

530 1 CONTINUE

540 END

550C

18




570
580
590
600
610
520
630
540
650
660
670
580
690
700
710
720
730
740
750
750
770
780
790
200
810
g20
830
840
850
£60C
870C
&80
890
900
910
920
930
940
950
960C
970C
980
990
1000
1010
1020
1030

FUNCTIION KTF(Z)
CAIMVMIN RCHCIOINSTIN»RNS»ZIMR» SCN»KNJIZ
COMMOIN NM2,ZZ>RINT
CAOMMIN S2PILNINTCI10)LIT
ZZ=2

SCRIT=ZAOMR/ Z
AREAL1=0.
H=SCRIT/Z/(RINT-.5)
A=SCRIT+.5%H

1 B=A+H

CALL QUADCA,»B,AR)
AREA2=AREAL1+AR
IFCAREA2-AREA1) 3, 3,2
2 AREAI=AREA2

A=8B

7 TI 1

3 CALL (LAGCA,AR)
AREA=AREA +AF
NNT=NINTCIT)

DA 4 I=15NNT

RI=1

A=(RI-1.)*H

B=A+H

CALL QGUADCA,B,AR)
AREA=AREA+AR

4 CONTINUE
RTF=AREA-CINST
RETURN

END

FUNCTIIN F(S)

CIMMION KC,CINSTHN,RN,»ZOMR» SON» RNJ2
COMMON NM2,ZZ»RINT
ARGPH=SOUN* ( S*Z /Z-Z IMR)
PHI=DNCARGPH)
F=PHI*S**NM2*xEXP(=RN)JI2%5%5)

RETURN

END

FUNCTIQON ZJIRCCX)
Ca¥MIN RC
ZORC=UNCX)+RC-1.
RETURN

END

C

20




1040C

1050 SUBROUTINE GQUADCA, B, AR)
1060 BMA2=(B-A)/2.

1070 X1=.77459667

1080 A1=BMA2*(X1+1.)+A

1090 A2=BMA2*(-X1+1.)+A

1100 AO=(B+A)/2.

1110 G1=FC(A1)

1120 G2=F(A2)

1130 GO=F(AD)

1140 AR=BMA2*(S.*(]1+8+.*(G0+5.%(:2)/9.
1150 RETURN

1160 END

1170C

1180C

1190 SUBRAUTINE GLAGC(A,AR)
1200 DIMENSION X(S5),WEX(S)
1210C PROGRAM COMPUTES INTEGRAL FROM A TQ INFINITY OF F(X)
1220C USING S POINT GAUSS-LAGUERRE QUADRATUKE
1230 X(1)=.26356032

1240 X(2)=1.4134031

1250 X(3)=3.5964258

1260 X(4)=7.0858100

1270 X(5)=12.640801

1280 WEX(1)=467909 404

1290 WEX(2)=1.6384879

1300 WEX(3)=2.7694432

1310 WEX(4)=4.3156569

1320 WEX(S5)=7.2191864

1330 AR=0.

1340 DI 1 I=1,5

1350 Al=X(CI)+A

1360 G=F(A1)

1370 AR=AR+G*WEX(I)

1380 1t CONTINUE

1390 RETURN

1400 END

1410C

21




1430 SUBRJUTINE CINCC,N,CINST)
1440C PRIGRAM COMPUTES (1-C)GAMCIN=-1)/2)/(C2C(N/2)%%x((N=-1)/2))
1450 RN=N

1460 N2=N/2

1470 RNO2=RN/2.

1480 RN2=N2

1490 IFC(RNJQ2-RN2)3,1,3

1S00 1 PI=3.1415927

1510 P=1.

1520 D) 2 I=1,N2

1530 RI=1

1540 P=P*(2.%RI-14)

1550 2 CONTINUE

1560 CONST=P/((2.*%RN2-1)*%(2.*%RN2)**N2)%*(]«-C)*SURT(PI*KN2)
1570 RETURN

1580 3 P=1.

1590 DO 4 I=1,N2

1600 RI=I

1610 P=Px*RI

1620 4 CONTINUE

1630 CONST=P*2.**(N2=1)/(RN2*¥ (2% RN2+1 )% *N2)%(].-C)
1640 RETURN

1650 END

1660C

1670C

1680 FUNCTION DNCX)

1690 IF(X+5.)1,1,2

1700 1 DN=PINT(X)

1710 RETURN

1720 2 IF(X=-6+)453,3

1730 3 DN=1.

1740 RETURN

1750 a4 AX=ABS(X)

1760 S2PI1=2.5066283

1770 P=.2316419

1780 B1=.31938153

1790 B2=-.35656378

1800 B3=1.7814779

1810 B4=-1.8212560

1820 BS=1.3302744

1830 T=1./C1.+P*AX)

1840 S=T*(B1+T*(B2+T*(B3+T*x(B4+T*B5))))
1850 DN=S/S2PI*EXP(=-«5%X*X)
1860 IF(X)S5,556

1870 S RETURN

1880 6 DN=1.-DN

1890 RETURN

1900 END

1910C

1920C
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1930 FUNCTION PINTCA)

1940 A2=A*A

1950 A3=A*A2

1960 S1=(1.-A2)7/A3

1970 S2=S1

1980 All=1./A3

1990 DO 1 I=2,200

2000 RI=I

2010 Al2=-(2.*RI+1.)*Al1/A2
2020 IF(ABS(ALI2)-ABS(AI 11225454
2030 2 S2=S2+Al2

2040 IF(S51-5S2)3,453

2050 3 S1=52

2060 Al1=AI2

2070 1 CONTINUE

2080 4 C=2.5066283

2090 PINT=EXP(-A2/2.)%S52/C
2100 RETURN

2110 END

2120C

2130C

2140 SUBROUTINE RIOMIDCGs>XsSLsFRE)
2150 EXTERNAL G

2160 X1=X

2170 F1=G(X1)

2180 3 X2=X1+SL

2190 F2=G(X2)

2200 IF(F1*F2)5,5,2

2210 2 X1=X2

2220 F1=F2

2230 GO T 3

2240 5 X=«5*%(X]1+X2)

2250 FX=G(X)

2260 IF(FX*F1)7,13,6

2270 6 X1=X

2280 Fl=FX

2290 G2 TO 10

2300 7 X2=X

2310 10 A1=ABS(X1)

2320 A2=ABS(X2)

2330 IF(A1-A2)8,8,9

2340 8 AMIN=A]|

2350 G2 TQ 11

2360 9 AMIN=A2

2370 11 PE=.5%ABS(X2-X1)/AMIN
2380 IF(PE-FRE)12,1255
2390 12 X=.5%(X1+X2)

2400 13 FX=F((X)

2410 RETURN

2420 END

23
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